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Abstract. In this note a nonlinear mid-point rule formula based on geometric means (GM) 
for the numerical solution of differential equations u’ = ,(z, v) is presented with supporting 
numerical evidence 
1. INTRoIxJOTI~N 
In [l] a nonlinear trapezoidal formula based on geometric means (GM) was presented, 
i.e., 
Yn+l = Yn +h~f(2,,yn)f(2n+l,y,+l), (14 
where it was shown to be implicit, high order, A-stable and more importantly L-stable 
for solving stiff differential equations. 
To seek an alternative to the well known unstable mid-point formula we consider the 
application of (1.1) over an interval of length 2h. This results in the 2 step formula, 
Y~+I =~n-l+2hd~, (1.2) 
which can be easily modified to the form, 
yn+l = yn-I + h(m + m,, (14 
by using the arithmetic mean principle. 
2. STABILITY AND ERROR ANALYSIS 
To study the stability properties of method (1.3) we apply the new formula to the test 
equation y’ = Xy. This will result in the following difference equation, 
Yn+l _=y+hA(~+Jy. 
Yn 
BY writing yn+l/yn = Qn = AZ we obtain, 
A: = $ + hX(A, + 
n 
(2.1) 
(2.2) 
which yields the following quwtic equation, 
A; - hXA; - hXA, - 1 = 0, 
which can be easily factorized as, 
(2.3) 
(A; + 1) (A; - hXA, - 1) = 0. (24 
For absolute stability we require the roots lAnl < 1. 
The second factor (A: - hXA, - 1) has occurred previously in [l] for which the stability 
properties were fully discussed. The first factor has roots &ti and as before in [l] by 
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including the imaginary axis of the complex plane as the boundary for the region of 
absolute stability of the method, then the method (1.3) is absolutely stable for hX lying 
on the left half of the complex plane. 
For the error analysis, we shall now express the RHS of equation (1.3) as a Taylor series 
expansion about Y,. By Taylor series expansion we have 
(2.5) 
Therefore, 
4s = y; - ;hyff, + h2 [iy~_t$]+h’[_fy~v)+~~-~~]+... 
(2.6) 
From [I] we already have, 
&&,& = y:, + ;hy:: + h2 (~y’$_$) +h3 (;y~v++&) +... . 
(2.7) 
adding (2.6) and (2.7) 
m + m = 2~: + 2h2 (ty; - 5) +O(h4), (2.8) 
Equation (1.3) then becomes, 
yn+l = yn-I + 2hy:, + 2h3 (ay;_g) +... 
NOW, the Taylor series expansion of y(z,+l) about zn--l is given by, 
(2.9) 
y(z,+l) = Y,+~ + 2hy;_., + 2h2y;_, + ;h3y”‘n - 1+ . . . 
= Yn-l f 2h[y:, - hy; + ihay; - . . .] + 2h2[y; - hy; + . . ,] + ;h3[y; - . . .] 
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Y(%+1) = y,-1 + 2hy:, + 0 + ihay;’ +. . . (2.10) 
Therefore, by comparing (2.9) and (2.10) we see that formula (1.3) is of second order 
with its local truncation error given by, 
LTE = $h3y; - 2h3 (~y+J 
(2.11) 
3. A MODIFIED FORMULA OF INCREASED ACCURACY 
From the previous analysis it is interesting to note that the 
d= have opposite signs in their terms involving odd 
expressions dm and 
powers of h so that their 
sum cancels these terms out leaving only even powers in h as shown in equation (2.8). 
Consequently formula (1.3) involves only odd powers in h. In such a case, then provided 
we have sufficient infomation, we might be able to adjust the 3rd order term to match 
the Taylor series expansion (2.10). 
We try to put in additional information by evaluating JG. Expanding we have, 
= [(y:, _ hy; + ;h2yr _ ;h3y($‘) +. . .)(y:, + hy; + ;h2y; + +h3ytu) + .. .)I’/” 
= [y:, + h2(syz2 + y;y;‘) + h4(ayr2 _ iy"yt") + &y'yt') + . . .11j2 
(3.1) 
At this stage let us recapitulate all the expansions that we have already: 
A(1) h,/m = hy:, - +h2y; + h3 (ty’$ -ha (i!!) +... 
A(2) hdz = hy:, + ;h2y: + h3 (iy’,,,) _h3 (it!) +... 
A(3) h,/G = hy:, + 0 + h3 (iy’/) _h3 (15) +... 
Also it is necessary that we have a fourth equation to enable us to make adjustment in 
the four terms. Thus we may include the trapezodial formula as well, i.e., 
A(4) ;h (y:, + y;+J = hy:, + ;h2y; + ;h3y;. 
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Now, our aim is to make a linear combination of A(l), A(2), A(3) and A(4) to match 
the Taylor series expansion of y(z- + h) in the multistep form, 
The matching leads to the following system of linear equations, 
hy:, : o+P+X+G=l, 
h2 ‘1 . Yn * -;+;+0+6=;, 
h3 It! . 
Yrz * 
II2 
hay” 
Y:, 
:-T-B x 
8 8 
-_2+0=0, 
The solution of this system is, 
(3.4.1) 
(3.4.2) 
(3.4.3) 
(3.4.4) 
6 =o. 
This means that the fourth equation was not necessary to obtain the third order matching 
of the error terms. The modified version of the GM a-step formula is therefore given by, 
which is of order 3. We also note that this formula does not need any extra function 
evaluations had the formula taken the form of equation (1.3). 
4. NUMERICAL EXAMPLE 
The new GM 2-step formula (3.5) was used to solve the initial value problem, 
Y’ = -Y, Y(O) = 1, 
and compare its result with the one obtained by using the trapezoidal and the GM 
formulae. The results given in Table 1 show that the GM 2-step formula is more accurate, 
thus confirming its 3rd order accuracy. 
In terms of computing time, a time-saving procedure was adopted in all the three methods 
in which values already available are saved until not needed and will not be recomputed. 
The results show that only a slight increase in computing time is needed by formula (3.5) 
to give a favourable result 
’ = -y, y(0) = 1 
5: = 0.1, k = 1 
x I Exact 
solution 
0.90483743+00 
0.81873083+00 
0.7408182E+OO 
0.67032013+00 
0.6065307E+00 
0.54881163+00 
0.49658533+00 
0.44932903+00 
0.40656973+00 
0.36787943+00 
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Table 1 
Error. Eq.(3.5) 1 Error 1 Error.Eq.(l.l) 
(Zstep GM) 1 (Trapezoidal) ] (Ghi) 
-O.l958088E-05 ~0.75519303-04 10.37653963-04 
-0.35230903-05 -0.13665403-03 
-0.47736543-05 -0.1854653EO3 
-0.57525883-05 -0.22374263-03 
-0.64993583-05 -0.25304843-03 
-0.70565313-05 -0.2747512EO3 
-0.7447586E05 -0.29002723-03 
‘0770062653-05 -0.29990483-03 
-0.78354653-05 -0.30527053-03 
-0.78785703-05 .-0.30690033-03 
.6814848E-04 
.92498363-04 
.11159963-03 
.1262314E-03 
.13706403-03 
.14469753-03 
.14963083-03 
.15232113-03 
b.15314133-03 
Average computing time per step: 
X-step GM formula: 9469 p-sec. Trapezoidal formula: 8377 ysec. GM formual: 9393 
jksec. 
REFERENCES 
1. D . J. Evans and B.B. Sanugi, A Comparison of Numerical ODE Solvers Based on Arithmetic and Geometric 
Means, Int. Jour. Comp. Math. 23 (1987), 37-62. 
University of Technology, Loughborough, Leicestershire, U.K. 
